Abstract. In 1960 Hughes and Kleinfeld [4] constructed a finite semifield which is two dimensional over a weak nucleus. In 1965 Knuth [7] constructed a further three families of finite semifields which are also two dimensional over a weak nucleus. Moreover, in the same article, Knuth describes operations that allow one to obtain up to six semifields from a given semifield. We show how these operations in fact relate these four families of finite semifields and that up to isotopy there are two families, one which generates at most two non-isotopic semifields under the Knuth operations and the other which generates at most three non-isotopic semifields.
Introduction
A finite semifield is a set S with two operations, addition and multiplication (•) such that (S, +) is a group with identity element 0, if a • b = 0 then either a or b is zero, the distributive laws hold and there is an element 1 such that a • 1 = 1 • a = a for all a ∈ S. In other words S satisfies all the axioms of a field, except (possibly) associativity of multiplication. If the set S satisfies all axioms of a semifield, except that it does not have an identity element for multiplication, then S is called a pre-semifield.
For a recent survey on the known finite semifields, see [2] , and for an updated version see [6] .
A pre-semifield is a vector space over F p for some prime p and can be used to coordinatise a projective plane of prime power order |S|. Two pre-semifields S = (V, +, •) and S = (V , +, ·) are said to be isotopic if there exists a triple (f 1 , f 2 , f 3 ) of F p -linear maps from V to V with the property that
for all x, y ∈ V . Albert showed that the projective planes coordinatised by the presemifields S and S are isomorphic if and only if the pre-semifields S and S are isotopic. We shall write S S . For all of this we refer to Knuth [7] .
For any pre-semifield S with multiplication • we can make another pre-semifield τ 1 (S), whose multiplication · is defined by The projective plane coordinatised by S can also be constructed from the set of subspaces
of V × V via the Andre, Bruck-Bose construction, see [3] . These subspaces partition the non-zero vectors of V ×V and such a partition is called a spread. The set of subspaces dual to these subspaces also forms a spread which can be used to construct a projective plane coordinatised by a pre-semifield and we shall define this pre-semifield (up to isotopy) to be τ 2 (S). For more details on this, see [1] .
We refer to the operations τ 1 and τ 2 as the Knuth operations. They were described by Knuth as permutations of the subscripts in a cubical array obtained from a pre-semifield, see [7] . Together they generate a group G isomorphic to the symmetric group Sym(3) acting on the set of all pre-semifields. The orbit of the pre-semifield S is the set of six pre-semifields S, τ 1 (S), τ 2 (S), τ 2 τ 1 (S), τ 1 τ 2 (S) and τ 1 τ 2 τ 1 (S), which may or may not be isotopic, depending on S. Generally we are only interested in the isotopy classes of presemifields, and considering the action of the group G on the set of all isotopy classes of pre-semifields, we shall refer to the orbit of the isotopy class containing the pre-semifield S as the Knuth orbit of S. In the very same article [7] Knuth constructs four types of semifields, one of which is the Hughes-Kleinfeld semifield [4] , and all of which are two dimensional over a weak nucleus K, a set of elements of S with the property that
whenever two of x, y or z are in K.
The purpose of this note is to show that three of these four types of semifields lie in the same Knuth orbit of size at most three, and the other one has a Knuth orbit of size at most two.
Knuth's semifields two dimensional over a weak nucleus
In [7] Knuth gave four multiplications for (K 2 , +, •) all of which give semifields under the condition that η, µ ∈ K and σ, an automorphism of K, are chosen so that x σ+1 + µx − η has no root in K. They are
and S 4 defined by
We have already defined τ 1 as the Knuth operation that changes the order of multiplication. Considering the maps f 1 , f 2 , f 3 :
, −x/η), and
it is straightforward to check that τ 1 (S 2 ), which has multiplication y) ), where • is multiplication in S 3 . Thus S 3 τ 1 (S 2 ), which implies that S 2 and S 3 lie in the same Knuth orbit. The semifields of type S 2 were discovered by Hughes and Kleinfeld [4] and Knuth [7] notes that the autotopisms (isotopisms from the semifield to itself) of S 3 are obtained from S 2 by duality, so it is clear that Knuth knew that S 3 τ 1 (S 2 ), although he does not explicitly mention it.
Let us see how τ 2 relates further the semifields S i . Let α, β, γ, be automorphisms of K such that the multiplication
defines a semifield S. The elements of the spread constructed from the semifield S are
and {(0, 0, u, v) | u, v ∈ K}. As in Kantor [5] we use the alternating form
where T r is the trace function from K to F p , to calculate the dual spread which is the union of the subspaces
x, y ∈ K, and {(0, 0, u, v) | u, v ∈ K}. When u = 0 we have the equation
When v = 0 we have the equation
Thus the subspace
This implies that the isotopy class of the semifield τ 2 (S) is represented by the pre-semifield with multiplication
Considering the isotopism (f 1 , f 2 , f 3 )
we see that the semifield τ 2 (S) is isotopic to a pre-semifield that has multiplication
By substituting the appropriate automorphisms such that S = S 2 (α = σ, β = 1, γ = σ and = 1) we see that
which implies that S 2 and S 4 have the same Knuth orbit. By substituting the appropriate automorphisms such that S = S 3 (α = σ −1 , β = σ −2 , γ = 1 and = σ −1 ) we see that
which implies that the Knuth orbit of S 2 has size at most three. Similarly when S = S 1 (α = σ, β = σ −2 , γ = σ, and = σ −1 ), we get
which implies that the Knuth orbit of S 1 has size at most two. Thus we conclude that from the four semifields listed by Knuth, together with the Knuth operations one can only generate (at most) five isotopy classes of semifields, contained in at most two Knuth orbits and represented by
and
It is possible that τ 1 (S 2 ) and τ 2 (S 2 ) are both isotopic to S 2 . As proven in [4] this occurs if and only if σ 2 is the identity map and µ = 0. In this case the Knuth orbit of S 2 has size one.
If σ
2 is the identity map and η σ = η then S 1 is isotopic to τ 1 (S 1 ). Explicity the isotopism is given by and it is a simple matter to check that
where is multiplication in τ 1 (S 1 ) and • is multiplication in S 1 . There doesn't seem to be any simple argument to determine whether these are the only conditions on σ, µ and η that imply that the Knuth orbit of S 1 has size one.
